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On the Critical Concentration of n-Aliphatic Acid Salts and 

Similar Compounds

By Shunsuke SHISHIDO

(Received August 29, 1950)

1. Introduction

It has been widely accepted that molecules 
of the soap dissolved in water are associated 
into grand molecules or micelles, owing to the 
cohesive interaction between their aliphatic 
long chain groups. However, properties of

the micelle have little been studied theoreti-
cally, for examples, the form, dimension or 
electrolytic behaviour. Therefore, we can 
hardly explain the experimental facts and are 
troubled with complicated behaviours.

The aqueous solution of long chain fatty 
acid salts and the similar Compounds (alkyl-
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sulfonic, alkylsulfuric, alkylpyridium, alkyltri-
methyl-ammonium salts, etc.) changes their 

properties complicately with increasingg con-
centration and there appear some nick points 
on the curve of the properties against the 
concentration. The nick point which appears 
in the most dilute region among these nick 
points is understood tacitly as the formation 
of cmparatively small micelles from the 
monomolecularly dissolved systems. This con-
centration is called the critical concentration, 
which can be determined from this nick point.

In actual case, the critical concentration can 
be obtained from the observation of the nick 

point in the density, electric conductivity, 
viscosity, refractive index, optical absorption, 
and surface tension against the concentration 
of a salt. When these experimentally observed 
values are compared quantitatively with the 
theoretical ones and the reasonable coinci-
dences are obtained, the circumstances of this 
micelle formation can be more discretely ex-

plained. Therefore, it is valuable to discuss 
the critical concentration theoretically.

II. Electric Energy of a Monomolecular 
and an Associated Ion of Soap

A soap.molecule is considered to be consisted
of three parts, R,-COO-, and M+. R is au
aliphatic long chain group which is strongly
hydrophobe, so that in aqueous solution they
are apt to associate with each other. On the
other hand, carboxyl radical, as well as, metal
ion M+ are hydrophile and they disperse in
water. The net worn of these associating and
dispersing  fortes  induces  theformation  of the
stable micelle.
In water, the hydrophile property of Car-
boxyl radical prevents itself from emboding
in the alkyl.group R, therefore it exists con-
tatting directly with the water molecule(Fig.
1). Now the electrostatic energy of a spherical
ion (radinsρ) charged with ε in water(dielec-

tric constant μ=80 at 20°), is

If we assign the analogous energy to a car-
boxyl radical ion, the electrostatic energy of a
fatty acid ion is expressed as follows:

(1)

Where ε1(A)is the extra electrostatic energy

caused by the alkyl group (CnH2n+1)with low

dielectric constant(μ3:=2.30). First, we must

estimate this extra energy. When the point

Charge exists on a point P,as shown in Fig.

(2)

The first term of this equation becomes infinite

as r→(ρ+Pt),and if r=ρt+2ρ, it becomes

ε/μ ρ. Therefore we should consider that the

first term is concerned of the self electrostatic

energy ε0 and the other terms represent extra

ε1(A)due to alkyl group. That is,

(3)

The estimated values are almost trivial(Table

1).The form of associated molecule is also
considered to be spherical at the first approxi-
tnation. The energy εn can be written,

(4)

where εn(A) is the extra energy relating to

the centrally associated alkyl groups. Here-

upon,

(5)

in which ψn is the electrostatic potential at

point P, due to the n-th-COO-radical and

ε1(A,ρn)is the value of Eq.(3)is which ρ1

 is .replaced with ρn.

εn(A) approaches rapidly to the value of

(6)

Fig. 1. 

1,the potential at a point excluding the point
P is obtained by the expansion of the spheri-
cal harmonics(Appendix(I)). For example,
the potential energy at Q in Fig.1 is
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in the larger degree of association (Appendix 

(II)).

III. The Association of n-Fatty 
Acid Ions

The energy of a n-fatty acid ion in aqueous 
solution depends mainly on the interfacial 
energy between aliphatic group and water and 
on the electrostatic energy. Therefore fatty 
acid ions should be associated into a grand 
ion with appropriate degree of association 
owing to the counterbalancing action of the 
interfacial and electric energy in water. If we 
assume that the grand ion with n degrees of 
association is formed spherically, then the
radius  of this sphere, pn, is

(7)

where v is the volume of an alkyl group. The 
interfacial energies are

(8)

(9)

where σ* is the microscopic interfacial free

energy between alkyl group and water, and Δ

is the contribution due to the connection part

of alkyl group to -COO-radical.

The total energies are

(10)

(11)

and the energy difference per molecule is

(12)

The most probable degree of association is 

defined by

(13)

(14)

From this condition,n(ρn)is determined for

the appropriate σ*, andΔ ε can be calculated

with Eq.(12).

There are many molecules with various 

dergees of association in an aqueous solution 

of fatty acid salt, and the equilibrium schemes 

are

where An is the molecule with n-degree of 
association. If the partition functions of these 
molecules write Zn, the equilibrium conditions 
are given as follows according to the statistical 
thermodynamic way to the dilute solution,

(15)

in which No is the number of the water 

molecules in the system and Nn is the number 

of the associated molecule An.

When the concentration C is expressed.in

mol/l.,Nn is CnN and N0 is 1000×N/18, in

which N is the Avogadro's number, Eq. (15) 
is reduced to

(16)

We define the critical concentration Cc for 
the most probable degree of association as the 
apparent concentration at Cn=C1 (C1=C0),

(17)

Then, the behaviour of CN/C1 versus C(=C1 
+nCn)) is very characteristic. In the case of 
C1<C0 (C<Cc),Cn/C1 is far smaller than 
unity, but in the case of C1>C0 (C>Cc), 
Cn/C1 is far larger than unity, since n is 
usually far larger than unity. The property 
which depended mainly on the associated 
mnolecule is not distinguishable until C reaches 
to Cc but predominant beyond Cc. It is the 
nick point on the curve of. property against 
concentration as shown in Fig.3.
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Rewriting the partition function Z as below

(18)

exp(-Σ ε/κT)is the part owing to the. energy

of electrostatic and interfacial free energies, 
and Z0 is the other part which is not mainly 
depended on the degree of association. Cc is 

expressed as

(19)

where Δ ε is the value for the most probable

degree of association.

IV. Calculated and Observed Values

CriticalConcentration.-The values dotted 
in Fig. 4 are the experimental results which 
have been proceeded at various temperatures

(18°-60°)(1). Fortunately, the. critical con-

Fig. 2.

Table 1

Fig. 4.

(1) K. Hess, Kolloid Z., 88. 40(1939); J,. Am. Chem. 
Soc., 61, 322. 539, 544, 549(1939); Jander and Weitendorf, 
Z. anorg. Chem., 41. 197(1934); Bury and Parry, J, Chem. 
Soc., 629(1935); Howell, Proc. Roy. Soc., A 115.386(1936);

Lottermoser, Kolloid Z., 63. 175(1935); Hartley. Trans. 
Faraday Soc., 34. 799, 1298, 2348(1938); Ekwell, Z. physik. 
Chem., A 161, 195 (1932); Ulmann, Z. physik. Chem.. A 
182, 18(1938).
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Table 2

centrations are not so greatly changed in these 
temperature intervals, that we can plot these 
observed values without serious consideration 
about temperature at which the experiments 
were proceeded.

In order to calculate the critical concentra-
tion with Eq. (17), we are to assign the 
appropriate value for the volume of an alkyl-
group. This is done by the calculation of 
molecular volume of the corresuonding n-
hydrocarbon at 20°. In Table 1, the calculated

values are listed and the critical concentration

at 20°for σ*=40 dyne/cm. and 42.5 dyne/cm.

are shown by straight lines in Fig.4.

Dependence on Temperature.-Since ob-
served interfacial tension between water and 
hydrocarbon scarcely varies with temperature, 
we assume that the microscopic interfacial ten-
sion is also constant with temperature. Now 
dependence on temperature of critical concen-
tration can be calculated easily, on which 
dielectric constant of water and temperature 
are mainly effecting. Observed and calculated 
values for dodecyl C12H26-group derivatives 
are shown in Table 2 and Fig. 5.

Generally, the coincidences between observed 
and calculated values are satisfactory. The 
slope of the curve for calculated values is 
steeper than the observed. This would be 
caused from the fact that the observations 
for higher homologues (C15H31-,C16H33-,
C17H35-, C18H36-, etc.) were done at higher
temperature(～60。) than the calculation(20°),

so that the observed critical concentrations 
are larger. It can be very easily accepted 
also that the microscopic interfacial tension 
between n-octane and water is as large as 42 
dyne/cm., because the interfacial tension be-
tween n-octane and water is as large as 50
dyne/cm. at 20°.

I think that the procedure mentioned above 
is valuable for the estimation of microscopic 
interfacial free energy between water and 
aliphatic groups.

Appendix

(I) There is an electric system as shown in 
Fig. 2, in which the point charge exists at 9
outer point P. The potential at the point

(γ,θ,φ)excluding P,is the solutioh qf Laplacian.

equation ▽2φ=0. Namely,

(20)

where Av and Bv are coefficients and Sv is

spherical harmonics.

When we divide the apace into three parts;

outer(γ ≧ ρ+ρ1), mediate(ρ+ρ1≧ γ≧ ρ)

and inner(γ<ρ1), the potential in these

regions are respectively

(21).

where Sv is replaced by Pv, because the poten-

tial is completely symmetrical about Z axis,

Of course, the electric chard should he con-

aidered as distributed on the sphere surface

with radius ρ+ρ1, which is expanded with

spherical harmonics. Therefore, the surface

charge at(ρ+ρ1,θ,φ) is expressed as

The boundary conditions are

(22)

(23)

where μ1=μ2(=μ1 and μs are dielectric con-

stants. From these boundary conditi ons and

orthogonality of Pv, the foUowing equations 

are  obtained:

(24)

Solving these simultaneous equations, We get
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the values for coefficients A and B. Potential

at point Q (γ≧ ρ+ρL) . is

(25)

From this equation,(2)can be derived for

θ=0,cos θ=7.

(II) We may compare the electrostatic 
energy of the point charge system with that 
of the spherical surface charge. The ratio 
approaches to unity when the number of 
charges becomes larger, as shown in Table 3. 
Now let us estimate the electrostatic energy 
of the aystem shown in Fig.2_ which is the
degree of association 6, ρ6=6.03Å. (for

oeaanthylic acid ions), and ρ=1.80 Å.

The estimation is easy, because Pv(cosθ) in 

Eq.(25) are simple far θ=0,π/2 and π.

The potential energy at P due to the other

five chnrges is

in which φ6 is the value for γ=ρ+ρ6 and

ρ1→ ρ6 in Eq. (25)and therefore the electro-

static energy is

for μ=80 and μs=2.3.

Comparing it with the case of μ3=μ=1

(Table 3), this value is more close to the

surfae charge 6ε on the sphere with radius

ρ+ρ6,i,e., 18.0 ε2/μ(ρ+ρ6)

Therefore, we may safely replace the point 

charge system with the spherical surface charge 

for much larger degree of association.
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